15.2 


The notation in the tutorial will be used here. Consider the function c e osh ^. 
on the rectangle C R with verices at —R, R, R + 2i and —R + 2i. In fact, 

Cr — [—■ R, R] + Sr + T r + 7 R 

given in the tutorial. (You should draw the contour C R .) Then 

r e ~2iriz£ rR e ~2irix^ r e ~2w iz$ 

J Cr cosh(7rz) dz J_ R cosh(7rz) dz + J Vr cosh(7rz ) dZ 

/ e ~2iriz£ r e ~2iriz£ 

R cosh(7rz) dZ + J Sr cosh(7rz) dz ' 

Parametrizing V R by z = t + 2i, where t goes from R to —R, we get 

r e 2niz£ rR e -2iri(t+2i)£ 

J Vr COSh(TTz) * J_ R COSh(7T(t + 2i)) 


>sh(7r(t + 2i)) - 


/ R p—2irix£ 

—w— rdx. 

R COSh(7TX) 


r e ~2n iz£ 

J Cr cosh( 7 rz) 

/ R p —2mx£, r 27T iz£ r p —2iriz£ 

\ j — zd$% / ———rdz + / ———r 
R cosh( 7 rx) J lR cosh( 7 rz) J Sr cosh( 7 rz) 



To compute J Cr c e os w^) dz, we note that 
cosh(7rz) = 0 ^-= 0 

e 7T2 _ _ e -7rz 

^ e 2nz — —1 

^ e 2irx+2niy _ 

<t^> e 27nr (cos(27n/) + isin(27n/)) = —1 

e 2nx cos(27n/) = —1 and e 27ra: sm(2ny) = 0. 

Now, by the last equation, 

sin(27 ry) = 0 27 xy = nn ^ y = 

where n is any integer. So, putting y = | in the second last equation, we 
get 

e 2 ™cos(mr) - e 2 ™(-l) n = -1. 

If n is even, then cosh(7rz) has no zeros. If n is odd, then e 2wx (— 1) = —1, 
which implies that x = 0. So, the zeros of cosh(7rz) are of the form | where 
n is an odd integer. Thus, the only isolated singularities of cosh(7rz) inside 
the rectangle Cr are | and Let g{z) = c e os ^^ . Then by Cauchy’s residue 
theorem, 

L = L 9(z) dz = 2m ( Res (*’ 3 +Res (* S) ■ 

To compute the residues, we note that 

lim (z — l) g{z) = lim 2e~ 27r ^ Z ~ 2 

2 ^i V 2J 2^1 e** + e~ wz 


= lim 2e~ 2niz ^e nz 

= 2e -2ni(i/2)Z e TTi/2 
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Therefore 


Res (g, - = e^-. 
2 J m 


Similar calculations give 


Res ( I) = ( z f = ~ e ^ z Vi 


r pZ-nizS, f -Ki p3n£\ 

/ ——tv \ dz — 2,m f ^ ) = 2(e^ — e 371 ^). 

J Cr COSh(7TZ) \ 7TZ 7TZ J 

l(7T a 

„ / 

COsh(7Tz) J 5r COsh(7T2;) 


/ ■R p —2nix£ 

' <fa 

R COSh(7Tx) 

p2niz£ r p 2Triz £ 


T f — , / N + / ——— -dz. 

JlR 


Now, we want to show that 


/ 

■t<5„ 


Js R COSh(TT^) 
as i? —>• oo. Parametrizing by 


1 g-2jnzS 1 

2g'-2jri(K+ii)C 

| COSh(7Tz) | 

| g7r(R+it) _|_ g— 7r(R+ii) | 

1 2g—27riR£g27rt£ 1 


e nR_ e nR 


2e 4 *\Z\ 


— g 7 r_R_ e~ n ^' 
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So, by the ML-theorem, 


e —2 tuz£ I 4 e 47r|^| 

—rv— rdz\ < —=- 


as R —>• oo. Similarly, 


as R —>• oo. Therefore 


/ oo e ~2nix£ 
.oo COSh(7TX 


r,—2irix£ p7r£ _ g37r£ 


Finally, to compute 


4,f 

VS 7-. 


e 71 ^ + e _7r ^ cosh(7r£) 


P~**i_ i r 

cosh (y/^x) 


let 7 xy = yf\x. Then x — y/2ny and dx = \j2ndy. So, 


V f e — 1 r\ 

J_oo COsh(7T7/) 

’e-M^rO A dr 


cosh (^yM) 

1 

cosh (y®' 

There is one more question, is it true that 


lx *f(x) dx = /(£), £ e| 
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The answer is yes. Recall that in first-year calculus, 




Since f(x) 


e V% x +e ~V% x 

%O mdx = 


is an even function, it follows that 


\f(x)\dx 


s i: 

\ — linr / 2 e~^ x dx 
V 7 r 6->oo J 0 


-2 \j-J^e~^ x 
' 7T V 7r 




—^ — < OO. 


So, by Theorem 15.2, 

7inS- e ~‘ Xif(X) dX = m ' e611 


dx 
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